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Abstract
We prove a general theorem about the orbit spaces of compact Lie group actions which are Hilbert cube manifolds. This result
is further applied to prove that the Banach–Mazur compactum BM(2) is homeomorphic to the orbit space (expS1)/O(2), where
expS1 is the hyperspace of all nonempty closed subsets of the unit circle S1 endowed with the induced action of the orthogonal
group O(2).
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1. Introduction
Answering a 1976 question of West [21], Torun´czyk and West proved in [19] that the S1-orbit space (exp0 S1)/S1
is not contractible, and hence, (expS1)/S1 is not homeomorphic to the Hilbert cube. Here expS1 is the hyperspace of
all nonempty closed subsets of the unit circle S1, equipped with the Hausdorff metric topology and with the induced
action of S1, and exp0 S1 = (expS1) \ {S1}. This result was our starting point in [5], where it was proved that the
Banach–Mazur compactum in dimension 2, BM(2), is not homeomorphic to the Hilbert cube.
In this paper we prove (see Theorem 6.1) that BM(2) is homeomorphic to the O(2)-orbit space (expS1)/O(2),
where O(2) is the orthogonal group. This gives, for n = 2, a positive solution of [6, Conjecture]. On this way we first
establish in Theorem 3.1 a general result about the orbit spaces of compact Lie group actions which are Hilbert cube
manifolds. This result yields, in particular, that for each closed subgroup H ⊂ O(2), the H -orbit space (exp0 S1)/H
is a Hilbert cube manifold (Theorem 4.1). Besides, Theorem 3.1 is applied to give a short proof of the statement that
BM0(2), the punctured Banach–Mazur compactum in dimension n = 2, is a Hilbert cube manifold (Theorem 5.1).
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des opérations linéaires [7]: BM(n) is the space of isometry classes [E] of n-dimensional Banach spaces E, equipped
with the well-known Banach–Mazur metric:
d
([E], [F ])= ln inf{‖T ‖ · ∥∥T −1∥∥ | T :E → F is a linear isomorphism}.
In the paper we shall need another topological model of BM(n) established in [5, Theorem 4 and Remark 1]. Let
us describe briefly this model.
Denote by B(n), n 2, the hyperspace of all centrally symmetric (about the origin), compact, convex bodies in Rn.
We consider the Hausdorff metric topology on B(n) and the natural induced action of the full linear group GL(n) on
it. As usual, we shall use O(n) for the orthogonal group. It is well known that BM(n) is homeomorphic to the orbit
space B(n)/GL(n) (see [22, p. 544]).
According to a classical theorem of F. John [13], each compact, convex body A ∈ B(n) admits a unique minimal-
volume ellipsoid containing A.
By L(n) we denote the O(n)-invariant subset of B(n) consisting of all bodies A ∈ B(n) for which the ordinary
Euclidean unit ball
Bn = {(x1, . . . , xn) ∈ Rn | x21 + · · · + x2n  1}
is the minimal-volume ellipsoid containing A.
Some basic properties of the O(n)-space L(n), n 2, are studied in Refs. [5,6]; in particular, L(n) is an O(n)-AR
and is homeomorphic to the Hilbert cube.
Recall that a global O(n)-slice for the GL(n)-space B(n) is an O(n)-invariant closed subset S ⊂ B(n) such that
S ∩ gS = ∅ for all g ∈ GL(n) \O(n), and for each A ∈ B(n) there is an h ∈ GL(n) such that hA ∈ S.
The second statement of the following theorem [5] (see also [4]) represents BM(n), n 2, as the orbit space of a
natural O(n)-action on the Hilbert cube, and plays an important role in what follows:
Theorem 1.1.
(1) L(n) is a global O(n)-slice for the GL(n)-space B(n).
(2) BM(n) ∼= L(n)/O(n).
(3) There is an O(n)-equivariant retraction r :B(n) → L(n) such that for every A ∈ B(n) there exists a linear oper-
ator TA ∈ GL(n) for which r(A) = TA(A).
Proof. For (1) see [5, Theorem 4 and Remark 1].
(2) is an immediate consequence of (1) (see [5, Corollary 1 and Remark 1]).
(3) is a simple combination of (1) and a result of Abels [1, Theorem 2.1]. 
In the sequel we shall use for the Banach–Mazur compactum namely the model
BM(n) = L(n)/O(n),
as well as the following notation:
L0(n) = L(n) \
{
Bn
}
, BM0(n) = L0(n)/O(n).
Other topological models of BM(n) the reader can find in [5,6].
2. Preliminaries
The monographs [8,17] are our main references for basic notions of the theory of G-spaces.
By an action of a compact Lie group G on a space X we mean a continuous map (g, x) → gx of the product G×X
into X such that ex = x and (gh)x = g(hx), whenever x ∈ X, g, h ∈ G, and e is the unity of G. A space X together
with a fixed action of the group G is called a G-space.
A continuous map f :X → Y of G-spaces is called a G-equivariant map or, for short, a G-map, if f (gx) = gf (x)
for every x ∈ X and g ∈ G.
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subset S ⊂ X, G(S) denotes the saturation of S, i.e., G(S)= {gs | g ∈ G, s ∈ S}. In particular, for a point x ∈ X, G(x)
denotes the G-orbit {gx ∈ X | g ∈ G} of x. If G(S) = S, then S is called an invariant subset of X. The orbit space of
X equipped by the quotient topology is denoted by X/G.
For each subgroup H ⊂ G, the H -fixed point set XH is defined to be the set {x ∈ X | H ⊂ Gx}.
A compatible metric ρ on a G-space X is called invariant or G-invariant, if ρ(gx,gy) = ρ(x, y) for all x, y ∈ X
and g ∈ G.
If G is a compact Lie group and X is a metrizable G-space metrized by a G-invariant metric ρ, then the formula
ρ∗
(
G(x),G(y)
)= inf{ρ(x′, y′) | x′ ∈ G(x), y′ ∈ G(y)}
defines a metric ρ∗, compatible with the quotient topology of X/G (see e.g., [17, Proposition 1.1.12]).
Let H be a closed subgroup of G and X a G-space. A subset S ⊂ X is called an H -slice in X, if: (1) S is H -
invariant, i.e., H(S) = S; (2) the saturation G(S) is open in X; (3) if g ∈ G \ H , then gS ∩ S = ∅; (4) S is closed in
G(S). If, in addition, G(S) = X, then S is called a global H -slice of X.
The following is one of the fundamental results in the topological transformation group theory (see [8, Ch. II,
Theorem 5.4]):
Theorem 2.1 (Slice theorem). Let G be a compact Lie group, X a completely regular G-space, and x any point of X.
Then there exists a Gx -slice S ⊂ X such that x ∈ S.
Let f0, f1 :X → Y be G-maps. A G-homotopy of f0 into f1 is a homotopy in the ordinary sense which is a G-map
at each stage of the deformation. A G-map f :X → Y is a G-homotopy equivalence, if there is a G-map f ′ :Y → X
such that f ′f is G-homotopic to 1X , and ff ′ is G-homotopic to 1Y . If there is a G-homotopy equivalence f :X → Y ,
then we say that X and Y have the same equivariant homotopy type or G-homotopy type.
A G-space X is called strictly G-contractible, if there exist a G-homotopy ft :X → X, t ∈ 0,1 and a G-fixed point
a ∈ X such that f0 is the identity map of X, and ft (x) = a if and only if (x, t) ∈ {(x,1), (a, t)}. In this case (ft ) is
called a strict G-contraction. The corresponding nonequivariant notion was introduced in Michael [14].
Let X be a metrizable space and d be a metric for X. By expX we shall denote the hyperspace of all nonempty
compact subsets of X endowed with the Hausdorff metric topology. Namely, for A, B ∈ expX, the Hausdorff distance
dH (A,B) is defined to be the number max{supa∈Ad(a,B), supb∈Bd(b,A)}. If, additionally, X is a G-space with a
compact acting group G, then expX becomes a G-space endowed with the natural induced action of G, i.e., for g ∈ G
and A ∈ expX, gA is defined to be the set {ga | a ∈ A}. If d is an invariant metric, then dH is also invariant.
By F(X) we will denote the invariant subspace of expX consisting of all finite subsets of X.
A metric d on a set X is called a geodesic (or a convex) metric, if for any two points x, y ∈ X, there is an isometric
embedding ι : [0, d(x, y)] → X such that ι(0) = x and ι(d(x, y)) = y.
In this paper we are especially interested in the O(2)-spaces expS1 and exp0 S1 defined in this way. We use exp0 S1
for the complement (expS1) \ {S1}.
In what follows it will be convenient to identify the unit circle S1 with the multiplicative group of all complex
numbers that have module 1, i.e., S1 = {eit | t ∈ R}. We shall use the following geodesic metric for S1:
d(x, y) = min{|t − s| | x = eit , y = eis}, x, y ∈ S1.
This metric is invariant with respect to the natural action of the orthogonal group O(2) on the circle S1.
The following result we will need in what follows:
Theorem 2.2. [6] exp0 S1 and L0(2) have the same O(2)-homotopy type.
For a given compact Lie group G, we denote by G-AR (respectively, G-ANR) the class of all G-equivariant absolute
(respectively, neighborhood) retracts for all metrizable G-spaces. For more discussion of G-ANR’s the reader can
consult, e.g., Refs. [2,3].
As usual, we reserve the letter Q for the Hilbert cube
∏∞
k=1 Ik , where Ik = [0,1].
A Hilbert cube manifold or a Q-manifold is a separable metrizable space that admits an open cover by sets
homeomorphic to open subsets of Q. A Q-manifold is said to be [0,1)-stable if it is homeomorphic to its product
with the half-open interval [0,1) (see [9, Ch. V]).
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In this section we establish the following general theorem about Q-manifold orbit spaces, which easily implies that
for any closed subgroup H ⊂ O(2), the orbit spaces (exp0 S1)/H and L0(2)/H are Q-manifolds:
Theorem 3.1. Let G be a compact Lie group and X a locally compact separable G-ANR. Assume that for each closed
subgroup H ⊂ G occurring as a stabilizer in X and for each ε > 0, there exist disjoint G-invariant subsets X1 and
X2 of X and H -maps ψi : X → Xi , i = 1,2, which are ε-close to the identity map IdX . Then the orbit space X/G is
a Q-manifold.
Proof. Let p :X → X/G be the orbit map. It suffices to prove that for each point x ∈ X, p(x) has a Q-manifold
neighborhood in X/G.
Let H = Gx . By the Slice Theorem 2.1, one can choose an H -slice S ⊂ X, containing x. The orbit space G(S)/G
is a neighborhood of p(x), where G(S) is the saturation of S. Let us prove that G(S)/G is a Q-manifold.
Since X is a G-ANR, the saturation G(S), being an open invariant subset of X, is itself a G-ANR. Now,
[3, Theorem 8] yields that the orbit space G(S)/G is an ANR. According to Torun´czyk’s Characterization Theo-
rem [18], it remains to verify the DDP (Disjoint Discs Property) for G(S)/G. Namely, one should prove that any two
continuous maps f1, f2 :Z → G(S)/G of a compact metrizable space Z, can be arbitrary closely approximated by
two continuous maps ϕ1, ϕ2 :Z → G(S)/G that have disjoint images.
Fix a G-invariant metric d on X. The following metric is considered on the orbit space X/G (see Section 2):
d∗
(
G(x),G(y)
)= inf{d(x, gy) | g ∈ G}, G(x),G(y) ∈ X/G.
It is clear that
d∗
(
G(x),G(y)
)
 d(x, y), x, y ∈ X. (3.1)
Consider the following commutative pull-back diagram (see e.g., [11, Ch. IV, Proposition 4.1]):
Yi
f ′i
qi
G(S)
p
Z
fi
G(S)/G
where Yi is a compact metrizable G-space with Yi/G=Z, qi :Yi → Z is the orbit map, and f ′i is a G-map canonically
inducing the map fi for i = 1,2.
Choose ε > 0 such that the ε-neighborhood of the compact set f ′1(Y1)∪ f ′2(Y2) in X is contained in G(S).
Let ψ1 and ψ2 be two H -maps of X to X, ε-close to the identity map of X such that G(ψ1(X)) ∩ G(ψ2(X)) = ∅
(see the hypotheses).
For each gs ∈ G(S), where g ∈ G and s ∈ S, we define:
Fi(gs) = gψi(s), i = 1,2.
Since ψi is H -equivariant, Fi is a well defined G-map of G(S) to X (see [8, Ch. I, Theorem 3.3]).
We claim that F1(gs) = F2(ht) for all gs,ht ∈ G(S). Indeed, otherwise gψ1(s) = hψ2(t), implying that ψ1(s) and
ψ2(t) have the same G-orbit. But this contradicts the hypothesis. Thus, F1 and F2 have disjoint images.
On the other hand, using the invariance of the metric d , we get:
d
(
Fi(gs), gs
)= d(gψi(s), gs)= d(ψi(s), s)< ε, g ∈ G, s ∈ S, i = 1,2. (3.2)
Define
ϕ′i (y) = Fi
(
f ′i (y)
)
, y ∈ Yi, i = 1,2.
It follows from (3.2) that
d
(
ϕ′i (y), f ′i (y)
)
< ε, y ∈ Yi, i = 1,2.
This implies, due to the choice of ε, that ϕ′(y) ∈ G(S) for all y ∈ Yi and i = 1,2.i
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images, we infer that G(ϕ′1(Y1))∩G(ϕ′2(Y2)) = ∅.
Now, let ϕi :Z → G(S)/G, i = 1,2, be the continuous map canonically induced by ϕ′i . Clearly, ϕ1 and ϕ2 also
have disjoint images. Besides, we get from (3.1) and the commutativity of the above diagram that
d∗
(
fi
(
q(y)
)
, ϕi
(
q(y)
))
 d
(
f ′i (y), ϕ′i (y)
)
< ε, y ∈ Yi, i = 1,2,
showing that ϕi and fi are ε-close. Thus, G(S)/G satisfies the DDP, and hence, is a Q-manifold. This completes the
proof. 
4. The orbit spaces (expS1)/H and (exp0 S1)/H
In this section, as an application of Theorem 3.1, we shall prove the following
Theorem 4.1. For each closed subgroup H ⊂ O(2), the orbit space (exp0 S1)/H is a [0,1)-stable Q-manifold.
Before passing to the proof of Theorem 4.1, we will prove several lemmas.
Recall that by F(S1) we denote the O(2)-invariant subspace of expS1 consisting of all finite subsets of S1.
Lemma 4.2. Let H be a finite subgroup of O(2). Then for every ε > 0, there exists an H -map fε : expS1 → F(S1),
ε-close to the identity map of expS1.
Proof. It is well-known [15, Proposition 8.4.3], that there exists a continuous map ϕε : expS1 →F(S1), ε-close to
the identity map of expS1. For every A ∈ expS1, we define:
fε(A) =
⋃
h∈H
h−1ϕε(hA).
Since H is finite and each ϕε(hA) is finite, we see that fε(A) ∈F(S1).
We claim that the map fε : expS1 →F(S1) is the desired one.
Indeed, the continuity of fε is immediate from the following two simple remarks:
(i) For each h ∈ H , the map A → h−1ϕε(hA) is continuous.
(ii) Let X and Y be a metrizable space and a topological space, respectively. If ϕ,ψ :Y → expX are continuous
maps, then the map f :Y → expX defined by f (y) = ϕ(y)∪ψ(y), y ∈ Y , is also continuous.
Further, if t, h ∈ H and g = ht , then
fε(tA) =
⋃
h∈H
h−1ϕ(htA) =
⋃
g∈H
t
(
g−1ϕ(gA)
)= t
( ⋃
g∈H
g−1ϕ(gA)
)
= tfε(A),
showing the equivariance of fε .
Let us check that fε is ε-close to the identity map of expS1. Indeed, since ϕε(hA) and hA are ε-close and dH is in-
variant, we have dH (h−1ϕε(hA),A) < ε for all h ∈ H . This yields that dH (fε(A),A) < ε. The proof is complete. 
For any A ∈ expX, the closed r-neighborhood of A is defined to be the set Ar = {x ∈ X | d(x,A) r}.
Lemma 4.3. Let (X,d) be a metric space with a geodesic metric d . Then for any two elements A, B ∈ expX and any
two numbers r , s > 0, the following hold:
(1) dH (Ar,Br) dH (A,B).
(2) dH (Ar,As) |r − s|.
Proof. Since d is geodesic, the first claim follows from [12, Proposition 10.5]. The second one follows from the
property (Ap)q = Ap+q , where p and q are any nonnegative reals (see [16, p. 38, Exercise 0.65.3(c)]). 
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of expS1 such that for every A ∈ expS1, hε(A) has nonempty interior in S1, and hε(exp0 S1) ⊂ exp0 S1.
Proof. Let d be the geodesic metric on S1 defined in Section 2. Define a continuous map γ : expS1 → R by the rule:
γ (A) = (1/2)min{dH (S1,A), ε} for every A ∈ expS1.
Observe that γ (A) = 0 if and only if A = S1.
Let h(A) be just the closed γ (A)-neighborhood of A in S1, i.e.,
hε(A) = Aγ(A).
Since dH (A,Aγ (A))  γ (A)  (1/2)dH (S1,A), we infer that hε(A) = S1 for every A ∈ exp0 S1. At the same time,
dH (A,Aγ (A)) γ (A) < ε, showing that hε is ε-close to the identity map of expS1.
Let us check continuity of h . For any two elements A, C ∈ expS1, we have:
dH
(
hε(A),hε(C)
)= dH (Aγ (A),Cγ (C)) dH (Aγ (A),Aγ (C))+ dH (Aγ (C),Cγ (C)).
By Lemma 4.3,
dH (Aγ (A),Aγ (C))
∣∣γ (A)− γ (C)∣∣ and dH (Aγ (C),Cγ (C)) dH (A,C).
Thus,
dH
(
hε(A),hε(C)
)

∣∣γ (A)− γ (C)∣∣+ dH (A,C).
Now the continuity of hε follows from that of γ and dH . The O(2)-equivariance of hε is immediate from the O(2)-
invariance of the metric d . 
Lemma 4.5. There exists a strict O(2)-contraction (ft ) of expS1 to its O(2)-fixed point {S1}.
Proof. Let d be the geodesic O(2)-invariant metric on S1 defined in Section 2. For each A ∈ expS1 and 0 t  1,
write
ft (A) =
{
x ∈ S1 | d(x,A) tdH
(
S1,A
)}
.
Since d is geodesic, the homotopy (ft ) is continuous (use the same argument in the proof of Lemma 4.4); it is also
equivariant due to the invariance of d and dH . The strictness of (ft ) is evident. 
Proof of Theorem 4.1. We are going to apply Theorem 3.1. Clearly (exp0 S1)/H is a locally compact separable
metric space. It follows from [6, Proposition 3.1] that exp0 S1 is an H -ANR. Next, each subgroup K of H that occurs
as an H -stabilizer in exp0 S1, is finite. Let fε , hε : exp0 S1 → exp0 S1 be the K-maps from Lemmas 4.2 and 4.4,
respectively. Since for every A ∈ exp0 S1, fε(A) is finite and hε(A) is infinite, we see that fε(A) and hε(A) have
different H -orbits. Now it follows from Theorem 3.1 that (exp0 S1)/H is a Q-manifold.
The [0,1)-stability of (exp0 S1)/H follows from Lemma 4.5, which yields that the space (exp0 S1)/H possesses
an obvious proper deformation (preimage of each compact set is compact) to infinity:(
exp0 S1
)
/H × [0,1) → (exp0 S1)/H.
Hence, by a result of R.Y.T. Wong [23], (exp0 S1)/H is homeomorphic to its product with the half-open interval [0,1),
i.e., (exp0 S1)/H is [0,1)-stable. This completes the proof. 
Corollary 4.6. [10] Let H be a finite subgroup of O(2). Then the H -orbit space (expS1)/H , as well as the H -fixed
point set (expS1)H , are Hilbert cubes.
Proof. Since by [6, Proposition 3.1], expS1 is an H -AR, [3, Theorem 8] yields that (expS1)/H is an AR. Further,
it follows from Lemmas 4.2 and 4.4 that (expS1)/H satisfies the DDP, and hence, by Torun´czyk’s Characterization
Theorem [18], (expS1)/H is homeomorphic to the Hilbert cube.
Next, observe that (expS1)H is homeomorphic to exp(S1/H): since S1/H is homeomorphic to S1, by the Curtis–
Schori–West Hyperspace Theorem (see [15, Theorem 8.4.5]), exp(S1/H) and hence (expS1)H , is homeomorphic to
the Hilbert cube. 
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the rationals.
Proof. It follows from Theorem 2.2 that (exp0 S1)/S1 and L0(2)/S1 have the same homotopy type. But L0(2)/S1 is
an Eilenberg–MacLane space of type K(Q,2) [5, Theorem 8 and Remark 1]. 
5. The orbit spaces L(2)/H and L0(2)/H
The following result was proved in [6, Theorem 1.3] for all L0(n), n 2 (recall that it was claimed earlier in [4]).
Below we give a very short proof for L0(2), deriving the result from Theorem 3.1.
Theorem 5.1. For each closed subgroup H ⊂ O(2), the orbit space L0(2)/H is a [0,1)-stable Q-manifold.
First we prove some auxiliary lemmas.
By P(2) we will denote the O(2)-invariant subspace of L(2) consisting of all convex polygons. By F(B2) we
denote the O(2)-invariant subspace of expB2 consisting of all finite subsets of B2.
Lemma 5.2. Let H be a finite subgroup of O(2). Then for every ε > 0, there exists an H -map fε :L(2) → P(2),
ε-close to the identity map of L(2).
Proof. We may assume, without loss of generality, that H contains the operator P(x) = −x, x ∈ R2 (multiplication
by −1); otherwise we replace H by the finite subgroup H ′ = {(±1)h | h ∈ H } of O(2).
Let r :B(2) → L(2) be the O(2)-retraction from Theorem 1.1(3).
Choose 0 < δ < ε/2 such that dH (r(C),C) < ε/2 whenever C ∈ B(2) and dist(C,L(2)) < δ.
It is well known [15, Proposition 8.4.3], that there exists a continuous map ϕδ : expB2 → F(B2), δ-close to the
identity map of expB2. For every A ∈ L0(2), we define:
ψε(A) = conv
( ⋃
h∈H
h−1ϕδ(hA)
)
,
where conv is the convex hull operator.
Since H is finite and each ϕδ(hA) is finite, we see that
⋃
h∈H h−1ϕδ(hA) is a finite subset of B2. Since the group
H contains the operator P(x) = −x, x ∈ R2, we infer that the set ⋃h∈H h−1ϕδ(hA) is centrally symmetric about the
origin of R2. Consequently, ψε(A) is a centrally symmetric convex polygon belonging to B(2).
To prove continuity of the map ψε :L(2) → B(2), we first observe that the map p :L(2) → F(B2) defined by
p(A) =⋃h∈H h−1ϕδ(hA) is continuous (see the proof of Lemma 4.2). Now continuity of ψε follows from the one of
p and of the convex hull operator (see e.g., [20, Theorem 2.7.4(IV)]).
Further, if t, h ∈ H and g = ht , then
ψε(tA) = conv
( ⋃
h∈H
h−1ϕ(htA)
)
= conv
( ⋃
g∈H
t
(
g−1ϕ(gA)
))
= conv
[
t
( ⋃
g∈H
g−1ϕ(hA)
)]
= t
[
conv
( ⋃
g∈H
g−1ϕ(hA)
)]
= tψε(A),
showing the equivariance of ψε .
We claim that the composition fε = rψε is the desired map.
Indeed, fε is a continuous H -map since r and ψε are so. By Theorem 1.1(3), for every A ∈ L(2) there is a
linear operator TA ∈ GL(2) such that r(ψε(A)) = TA(ψε(A)); this yields that TA(ψε(A)) is also a convex centrally
symmetric polygon. Since r(ψε(A)) ∈ L(2), we conclude that fε(A) = r(ψε(A)) ∈ P(2) for all A ∈ L(2).
Let us check that fε is ε-close to the identity map of L(2). Indeed, since ϕδ(hA) and hA are δ-close and dH is
H -invariant, we have dH (h−1ϕδ(hA),A) < δ for all h ∈ H . This yields that dH (⋃h∈H h−1ϕδ(hA), A) < δ. Since the
convex hull operator does not increase distance (see e.g., [20, Theorem 2.7.4(iv)]), we infer that dH (ψε(A),A) < δ,
and hence, dist(ψε(A),L(2)) < δ. In turn, this yields that dH (r(ψε(A)),ψε(A)) < ε/2.
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dH
(
fε(A),A
)
 dH
(
ψε(A),A
)+ dH (r(ψε(A)),ψε(A))< δ + ε/2 < ε.
This completes the proof. 
Lemma 5.3. For each ε > 0, there exists an O(2)-equivariant map hε :L0(2) → L0(2), ε-close to the identity map
of L0(2) such that for every A ∈ L0(2) the intersection of hε(A) with the boundary circle ∂B2 has nonempty interior
in ∂B2.
Proof. Define a continuous map γ :L0(2) → R by the rule:
γ (A) = (1/2)min{dH (B2,A), ε} for every A ∈ L0(2).
Let for every A ∈ L0(2), h(A) be just the closed γ (A)-neighborhood of A in B2, i.e.,
hε(A) = Aγ(A).
Hence, hε considered as a map from L0(2) to expB2 is continuous (see the proof of continuity of the analogous map
hε in the proof of Lemma 4.4).
By the choice of γ (A), the set hε(A) is different from B2, and since A ⊂ hε(A), we see that hε(A) ∈ L0(2). It
is clear from the construction that hε is ε-close to the identity map of L0(2). Since the intersection hε(A) ∩ ∂B2
contains the closed γ (A)-neighborhood of the nonempty set A∩ ∂B2 in the circle ∂B2, we infer that hε(A)∩ ∂B2 has
nonempty interior in ∂B2.
The O(2)-equivariance of hε is immediate from the invariance of the metric d . 
Lemma 5.4. There exists a strict O(2)-contraction (ft ) of L(2) to its O(2)-fixed point B2.
Proof. For each A ∈ L(2) and 0 t  1, write
ft (A) = tB2 + (1 − t)A. 
Proof of Theorem 5.1. We are going to apply Theorem 3.1. Clearly, L0(2)/H is a locally compact metric separable
space. It follows from [5, Corollary 2 and Remark 1] that L0(2) is an O(2)-ANR, and hence, an H -ANR. Each
subgroup K of H that occurs as an H -stabilizer in L0(2) is finite. Let fε , hε :L0(2) → L0(2) be the K-maps from
Lemmas 5.2 and 5.3, respectively. Since for every A ∈ L0(2), fε(A) is a convex polygon, the intersection fε(A)∩∂B2
is finite, while the intersection hε(A)∩ ∂B2 has nonempty interior in ∂B2, and hence, is infinite. Consequently fε(A)
and hε(A) have different H -orbits. Now it follows from Theorem 3.1 that L0(2)/H is a Q-manifold.
The [0,1)-stability of L0(2)/H follows from Lemma 5.4, which yields that the space L0(2)/H possesses an
obvious proper deformation (preimage of each compact set is compact) to infinity:
L0(2)/H × [0,1) → L0(2)/H.
Hence, by a result of R.Y.T. Wong [23], L0(2)/H is [0,1)-stable. This completes the proof. 
Corollary 5.5. [6] Let H be a finite subgroup of O(2). Then the H -orbit space L(2)/H , as well as the H -fixed point
set L(2)H , are Hilbert cubes. In particular, L(2) is a Hilbert cube.
Proof. It follows from Lemmas 5.2 and 5.3 that L(2)/H , as well as L(2)H , satisfy the DDP. Hence, according to
Torun´czyk’s Characterization Theorem [18], it suffices to show that L(2)/H and L(2)H both are AR’s.
By [5, Corollary 2 and Remark 1], L(2) is an O(2)-AR, and hence, an H -AR. Consequently, the property L(2)/H ∈
AR follows from [3, Theorem 8].
The property L(2)H ∈ AR is immediate from the property L(2) ∈ O(2)-AR (see [2, Theorem 7]). 
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Theorem 6.1. For each closed subgroup H ⊂ O(2), the orbit spaces L0(2)/H and (exp0 S1)/H are homeomorphic.
In particular, the Banach–Mazur compactum BM(2) is homeomorphic to the orbit space (expS1)/O(2).
Proof. By Theorem 4.1, (exp0 S1)/H is a [0,1)-stable Q-manifold. Furthermore, by Theorem 5.1, L0(2)/H is also a
[0,1)-stable Q-manifold. It follows from Theorem 2.2 that (exp0 S1)/H and L0(2)/H have the same homotopy type.
Therefore, according to Chapman’s Theorem [9, Theorem 21.2], (exp0 S1)/H and L0(2)/H are homeomorphic. This
completes the proof. 
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